The physical meaning of the 1 1 coefficients in the projective transformation (PT) equations between a three-dimensional (30) object and the 2 0 photo plane has already been described. In this paper, the ZD PT equations which are used for rectifying a photograph are considered. The relationships between the eight coefficients of the PT equations and the nine conventional orientation elements (OES) are presented, and the method of computing the nine OKs from the eight PT coefficients is shown with some numerical examples. It is also explained that the corresponding coeficients in the 3D and the ZD PT equations have the identical values.
Introduction
In the event that a metric camera is used, it is convenient to distinguish the interior and the exterior orientation in order to carry out the orientation of a photograph taken by the camera and the computation of object coordinates. The reason is that the interior orientation elements (OES) are stable and utilization of their calibrated values is possible. Thus, the collinearity and the coplanarity condition have been frequently utilized on the assumption that the unknowns are exterior OES only. On the other hand, introducing the threedimensional projective transformation ( 3~ PT) equations is suitable when utilizing an amateur camera because the concept of interior and exterior orientation becomes useless. Further, when utilizing the direct linear transformation (DLT), a solution for the PT coefficients is executed relatively easy [Abdel-Aziz et al., 1971; Marzan et al., 1975; Naftel et al., 19911. It is difficult to detect a gross error in the PT coefficients because the meanings in geometrical optics of the 11 PT coefficients are not distinct. The relationships between the 3D PT coefficients and the OEs have been studied by many authors [Thompson, 1971; Bopp et al., 1978; Shih et al., 1987; and McGlone, 19891 . In this paper, the 2D PT equations, which have been used for rectifying a photograph, are considered. The 2D PT equations include eight independent coefficients for transforming the coordinates between a photo and an object plane. On the other hand, any photograph has nine independent OES (three interior OES without affine deformations and six exterior OES) as a minimum. This means that the nine OEs cannot be determined even if the values of the eight PT coefficients are given. It is shown, in this paper, that the eight OEs in a photograph can be calculated from the 2D PT coefficients on the assumption that any one of the OES is K. Kobayashi is with the Survey College of Kinki, 1-5-9, Yata, Higashisumiyoshi, Osaka, 546, Japan. C. Mori is with the Department of Civil Engineering, Fukuyama University, Higashimura-cho, Fukuyama, Hiroshima, 729-02, Japan.
PE&RS September 1997 known. Determination of all OES of one or more photographs will lead to several ways of computing the 3D coordinates of an object point.
It is also explained that the corresponding coefficients in the 3D and the 2D PT equations have identical values.
Relations of Observed Photo Coordinates vs. Their True Values
A situation of image coordinates measured with a comparator is shown in Figure 1 . Without considering non-linear effects, the relationships between xy-comparator coordinates and &-true photo coordinates can generally be expressed by an affine transformation [Abdel-Aziz et al., 1971; Karara, 1980; Shih et al., 19871 . In order to have a good understanding for the geometrical circumstance of the transformation, let us show here the transformation relations with the help of the following symbols:
x, y : comparator coordinate system or measured image coordinates on the assumption that non-linear distortions have been previously corrected; x,, yo: location of the principal point in the xy-coordinate system; Photogrammetric Engineering & Remote Sensing, Vol. 63, No. 9, September 1997 , pp. 1121 -1127 0099-1112/97/6309-1121$3.00/0 0 1997 American Society for Photogrammetry and Remote Sensing interior: c (principal distance of a camera), xu, yo, a, P; and exterior: Xu, Yo, Zo !projection center of the camera), w, cp, K (rotation angles of the camera). The collinearity condition which contains the 11 oEs mentioned above can be written as
Figure 2.Coordinate systems: object, comparator, and photograph.
a: magnification for correcting y-scale (y-scale interval magnification based on x-scale interval1); P:
small angle exceeding orthogonality; and 5, g: true photo-coordinate system or true photo coordinates of an image.
Eliminating (y -yo) from the first Equations 4, we obtain:
Let us assume that the (-axis is parallel to the x-axis as shown in Figure 1 . Using the symbols shown above, the transformations between two coordinate systems can be expressed as follows:
The correction terms are to be added to the right-hand side of Equations 1 if effects of non-linear distortions are to be considered.
where Z = c/cos p.
Collinearity Condition and OEs
Selecting coordinate systems in an object space and in a photo space, respectively (see Figure 2) , the direction cosines of the coordinate axes are defined in Table 1 . The relationships between the direction cosines and the rotation angles of a camera may be changed by changing the order of the rotations. The X-, Y-, and Z-axes are rotated in the order of o, cp, and K , respectively, in this paper. Accordingly, we can specify the direction cosines or the elements of the rotation matrix as follows:
Relations between 3D PT Coefficients and OEs

Transformation Equations
The projective relations between arbitrary point coordinates (X, Y, Z) in the 3D object space and the corresponding image point coordinates (x, y) 
The true photo coordinates which are expressed in Equations 1 consist of the 11 oEs as follows:
'It is not necessary to determine a correction factor in the comparator's x-scale magnification because the factor can be included in the principal distance, c, of a camera. Let us neglect the x-scale magnification in this paper. Derivations of OEs from PT coefficients have been already explained in some references [Bopp et al., 1978; Hattori, 1986; Shih et al., 1987; McGlone, 19891. Introducing the abridged notation
Application of 3D PT Equations
The advantage of Equations 5 is that the transformation relations are expressed in terms of the OES, and for a photogrammetrist to understand the meanings of their quantities is easy. When a survey camera is utilized, it is not so often necessary to determine the interior OES for each photograph because they are stable at that camera. Only the six exterior OES need be considered as unknowns in the conventional use of the survey camera.
The transformation Equations 7 are preferred for use in the case that the assumption mentioned above cannot be realized. Some examples are the cases in which an amateur camera is used. In such cases, the DLT method is useful for rapid computation, or for avoiding the situation which is critical for obtaining reliable values of the OES. The disadvantages of Equations 7 are that the meanings of the PT coefficients are not easy to understand, and detecting a gross error in the PT coefficients at a glance is also difficult. A change of any one of the exterior OES results in a change of all the PT coefficients.
the OEs used in this paper can be described explicitly as follows:
The value of G with a minus sign shows the distance H'O, in Figure 2 , where H'O, is a projection of 00, to the 5-axis and is the length from the coordinate origin 0 to the perspective center 0,.
Example of Calculations from PT Coefficients to OEs
Using the OES and the PT coefficients in Table 2 , the object coordinates (X, Y, Z ) and the corresponding photo coordinates (x, y) of the six points in Computing the 1 1 OEs from the PT coefficients shown in Table 2 using Equations from 21 to 31, then the original oEs shown in Table 2 are obtained. It should be noted that the number of independent elements in the OEs is still one more than those in PT coefficients on the above assumption.
A coordinate system in the object plane with Z = 0 should be preferred as shown in Figure 3 , because Equations 32 do not include the variable Z. Then, the collinearity condition of Equations 5 is reduced to Using the relations in Equations 35 to 42 and the-orthogonal matrix (Equation 2) and assuming that any one of the OES is known, the eight OEs are obtained by the following procedure. Let us assume a value of G temporarily and obtain the nine 0~s . G in Equation 19, which gives the distance H'O, with a minus sign in Figure 3 , has a simple physical meaning and is easy to estimate from the photography. From Equation 4 1 and the rotation matrix (Equation 2), we obtain the rotation angles as followsz:
From 2D PT Coefficients to OEs
Equations 32 have often been adopted for rectifying a photograph. Let us show the way to obtain the OES for the photograph from the coefficients in those equations.
The difference in number between the OEs given in Equations 34 and the coefficients in the PT Equations 32 is in which G, and G, are projections of the segment 00, on the 6-and T-axes, respectively.
Considerations Regarding the Computation of OEs
We should pay attention to the fact that, if an assumed value of G is incorrect, the true values of the OES cannot be obtained from the above equations. Let us show the essential principle for computing the oEs from the given eight PT coefficients.
If an assumed value of G is different from its true value, values of the OES calculated from those above equations will differ from their true values. Even if any one of the OES is, at first, assumed to have an abnormal value, values of the other OES corresponding to this abnormal value are also calculated. The result is, of course, abnormal in this case. So far as all the equations as mentioned above are satisfied by the obtained OES even if the OES are different from actual values, the transformation relations (Equation 34) are valid for the corresponding points between the two concerned planes. However, when the coordinates of an object point which does not fall within the object plane are required, the correct values for the OEs should be used because Equations 5 with a = 1 and p = 0 should be applied in this case. A, hand, when the other element in exterior orientation except cp is known, iterative computations as above-mentioned may usefully be performed to find the correct values of the OEs as well as of G.
Let us suppose one correct value of the OES is given. In this case, all the obtained OES would be correct, excluding the affine transformation elements, and the collinearity condition of Equations 5 in 3D space can be established on the assumption a = 1 and p = 0. Therefore, by specifying one of the coordinates X, Y, and Z in an object point, the 3D coordinates of the point can successfully be computed. After obtaining the correct OEs, the usual stereo photogrammetric techniques can be applied to two or more photographs to determine the 3D coordinates of an object point which is not located in the plane concerned.
Examples of Computation
Select the four points on the object plane Z = 0 in Table 3 as control points for the purpose of obtaining the 2~ PT coefficients, and assume that the photo coordinates of the corresponding points have the same values as shown in Table 3 ; then the coefficients of the 2D PT equations are determined from Equations 32. The results and G are shown in the right column of Table 4 . It should be noted that, in cases of 2D and 3D PTs, the values of the corresponding PT coefficients are identical to each other if the projective relation or orientation of a photograph is equivalent in both the cases.
Let us determine the values of the OEs from the PT coefficients given in Table 4 . It is necessary to specify a value of one of the OES before starting the computation. Let us specify, then, that c = 50 mm which is the true value shown in Table 2 . As G is still unknown, then another assumption is If a condition x, = 20 mm is specified instead of c = 50 mm for the above example, it is a little difficult to estimate the correct value of G which will satisfy Equation 48 because the equation does not describe explicitly the relation between G and x,. In this example, it could be estimated from values of the coefficients A,, B,, A,, and B, that the absolute value of I GI increases as x, increases. One of the examples of the computing process is shown in Table 6 . That is, when G = -500 m is assumed at the first step, x,, is computed to be greater than the true value from Equation 48 . So, in the next step, a value of I GI should successively be decreased to obtain the correct x,. When I GI becomes smaller than the correct value, x, also reduces to a smaller value than the specified one as shown in Table 6 . After estimating the true G, the correct OEs can be calculated using Equations 4 3 to 50.
September 1997 PE&RS Estimation of 3D Object Coordinates from Two Sets of 2D PT Coefficients written in two ways: as PT equations and as the collinearity Let us use another photograph (denoted as photo # 2 ) taken at equations with OES. the same control points shown in Table 3 . In this case, the This paper explains the relationships between the PT co-2D PT coefficients determined from the four control points efficients and the OES in a photograph clearly. The relationwhich are on the plane Z = 0 are shown in the right column ships presented are useful for different applications. For of Table 7 , and the photo coordinates of all the points are example, we can investigate whether variations in the integiven in Table 8. rior OES exist within a reasonable range or not from each set The points #5 and #6 are not on the plane Z = 0 and of PT coefficients in several images. Also, these relations are also are not used for the control points. Let us make an estihelpful for reducing the number of PT coefficients in the mate of the object coordinates of points #5 and #6 from the event that some of the OES are given. photo coordinates shown in Table 3 and 8, respectively.
The 2D PT equations have been usually utilized for rectiThe first step is to compute the OES of photo #2. Those fying a photograph of a plane object. It is markedly useful if
OEs can be determined from the value c = 50 mm and the PT the values of the nine conventional OES of the photograph coefficients in Table 7 . The results are given in the left colcan be obtained from the 2D PT equations. When we get the umn of Table 7 , which are the correct values.
OES of a pair of photographs, we can estimate the 31, coordiThe second step is to estimate the object coordinates of nates of the object. The computing process to get the nine points #5 and #6 using Equation 5 on the assumption that OES are described in this paper. However, attention must be the photo coordinates have the errors.
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